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Abstract. This paper gives the all possible global indices of log 
Calabi-Yau 3-folds with standard coefficients on the boundaries 
and having lc, non-kit singularities. This follows easily from the 
discussion in the paper: The indices of log canonical singularities 
by Fujino. 



1. Introduction 

In this paper, we study a log pair (X, B x ) with a normal projective 
variety X defined over C and a boundary Bx of standard coefficients 
(i.e., Bx = J2biBi, where bi = lor 1 — 1/m for m G N). A pair 
(X, Bx) is called a log Calabi-Yau variety if it has lc singularities and 
Kx + Bx = 0. For a log Calabi-Yau variety (X, Bx) assume that there 
exists r G N such that r(Kx + Bx) ~ 0. (For dim X < 3 this holds true 
for every log Calabi-Yau variety, by the abundance theorem (|], 11.1.3] 
and H). We define the global index lnd(X, B x ) by the minimum of 
such r. 

It is well known that a non-singular surface X with Kx = has 
Ind(Y, 0) = 1,2,3,4,6. Blache ||] proved that a normal surface X 
with Kx = and having lc non-kit singularity has also Ind(Y, 0) = 
1, 2, 3, 4, 6. This is generalized into the case that log Calabi-Yau surface 



(X,Bx) has lc and non-kit singularities in [12, 2.3]. 
In this paper we prove the following: 

Theorem 1.1. Let (X,Bx) be a log Calabi-Yau 3-fold with lc non- 
kit singularities. Then r G N can be the global index lnd(X, B x ), if 
and only if <p(r) < 20 and r ^ 60, where if is the Euler function. In 
particular the global index is bounded. 

This theorem is a corollary of the following: 
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Theorem 1.2. Assume the Abundance Theorem and G-equivariant log 
Minimal Model Program for dimension < n, where G is a finite group. 
Let (X,Bx) be an n-dimensional log Calabi-Yau variety with non-kit 
singularities. If the conjectures (Fj) and (Fi) in || hold true for j = 
n — 1, I < n — 2, then the global index lnd(X, Bx) is bounded. 

The author would like to express her gratitude to Prof. Yuri Prokhorov 
for calling her attention to this problem and offering useful comments 
and stimulating discussions. She also express her gratitude to Dr. Os- 
amu Fujino and Prof. Pierre Milman for giving useful information 
about their papers. Dr. Osamu Fujino also pointed out a mistake of 
the preliminary version of this paper, for which she is grateful to him. 

2. The global indices 

2.1. Throughout this paper, we use the notation and the terminologies 
in We assume the Abundance Theorem and the G-equivariant log 
Minimal Model Program (as is well known, these hold for dimension 
<3by@, 11.1.3], i and 0, 2.21]). 

2.2. Let (X, Bx) be an n-dimensional log Calabi-Yau variety. Since 
we assume the Abundance Theorem, there exists r e N such that 
r[K x + B x ) ~ 0. Let vr : (Y, B) -> (X, B x ) be the index 1 cover with 

K Y + B = n*(Kx + B x ). 

Here the index 1 cover is constructed as follows: let r = Ind(Jf, B x ), 
then there exists a rational function if on X such that r(Kx + Bx) = 
div(^); take the integral closure Y in K(X)(rfip). Note that Ky + B ~ 
0, that B = 7r*( \_Bx\ ) is a reduced divisor and that 7r ramifies only over 
the components of Bx whose coefficients are < 1, as the coefficients of 
Bx are standard. Since Kx + Bx is lc (resp. kit) if and only if Ky + B 
is lc (resp. kit), {Y,B) is log Calabi-Yau of global index 1. Therefore 
we obtain that every log Calabi-Yau variety (X, Bx) is the quotient 
of a log Calabi-Yau variety of global index 1 by the action of a finite 
cyclic group. 

2.3. Let G be the cyclic group acting on a log Calabi-Yau variety 
(Y, B) of global index 1. Since G acts on T(Y, Ky + B) — C, there is a 
corresponding representation p : G — ► GL(T(Y, Ky + B)) = C*. 

Lemma 2.4. Under the notation above, Let (X, Bx) be the quotient 
(Y,B)/G by G. Then 

lnd(X,B x ) = \lmp\. 
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Proof. For a generator 9 G T(Y,K Y + B), #l Imp l is G-invariant, there- 
fore T(X,\lmp\(K x + B x )) ^ 0, which yields lnd(X,B x ) < |Imp|. 
Conversely, for a generator r\ G T(X, Ind(X, Bx)(Kx + Bx)), n*ri G 
r(Y, Ind(X, B X ){K Y + B)) is G-invariant. If we write ti*t] = a9 lnd ^ x ' Bx ^ 
(a G C), for a generator g G G, (a9 lnd(x ' Bx ^) 9 = ae ^x,B x ) e inA{x,B x ) = 
a9 lnd{x ' Bx \ where e is a primitive |Imp|-th root of unity. Hence, Ind(X, Bx) > 
|Imp|. □ 

2.5. Now we are going to study lc and non-kit log Calabi-Yau varieties. 
Let (Y, B) be an n-dimensional log Calabi-Yau variety of global index 
1 with lc and non-kit singularities. Assume that a cyclic group G acts 
on (Y,B). Then we have a projective G-equivariant log resolution <p : 
Y — > Y of (y, -B). Indeed, let </?' : Y' — > K be the canonical resolution 
of (Y, I?) constructed in then is projective and <p ,_i ( J B)U(the 
exceptional set) is normal crossing divisor. By the blow up at a suitable 
G-invariant center, we obtain the divisor with simple normal crossings. 
Define the subboundary F on Y by Ky + F = (f*(K Y + B). Run G- 
equivariant log MMP for K Y + F B over Y (The notation F B is in 0, 
1.5] and F B = F c in our case). Then we obtain GQ-factorial dlt pair 
/ : (Y 7 , B') -> (Y, B) over (Y, B). Since + 5' is f-nef and (Y, 5) 
is lc, we obtain that K Y , + B' = f*(K Y + B) ~ 0. By 0, 2.4], B' has 
at most two connected components. 

Definition 2.6 (for the local version, see [|, 4.12]). Let (Y, B) and (Y, F) 
be as in p75[ We define 

p = fi(Y,B) := min{dimIY | tY G GLG(Y,F)}. 

Note that in case B' is connected, then < // < n — 1 and in case 
5' has two connected components, then \x = n — 1. 
Case 1 (B' is connected) 

There exist a G-isomorphism T(Y, fCy + B) ~ r(Y', i^y/ + £?') and 
an exact sequence: 

o = r(r, k Y i) -> r(Y', ^ + 5') -> r(B', (^ + b')|bO = c, 

where the last term is isomorphic to T(B' ', Kb'), as K Y r + B' is a Cartier 
divisor. Therefore, we have only to check the action of G on T(B', Kb')- 

Proposition 2.7 (for the local case, see 0, 4.11]). If there exists a non- 
zero admissible section in T(B' ,m KB') , then G acts on T(B', tjiqKb') 
trivially. 



Proof. The proof is the same as that of || 4.11]. We have only to note 
that B' = E = E c in our case. □ 
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Proposition 2.8 (for the local case, see |3|, 4.14]). Assume that p(Y, B) < 
n — 2. Then there exists a non-zero admissible section s G T(B', m^Ks') 
with mo G D^. In particular, s is G -invariant. Thus, lnd((Y, B) / G) G 

Proof. The proof is the same as that of []3], 4.14]. Again B' = E = 
E c . □ 

Proposition 2.9. Assume that B' is connected and p(Y,B) = n — 1. 
Then lnd(Y,B)/G G V n _ x . 

Proof. In this case, B' is irreducible, therefore (Y f , B') is pit. Then, by 
Adjunction §, 17.6], B' is kit and K B > ~ 0. Now apply g3J. □ 

Case 2 (5' has two connected components). 

Note that B' is the disjoint union of two irredicible components, 
therefore (Y', B') is pit (see §, 2.4]). Run G-equivariant log MMP for 
K + B' — eB', then we obtain a G-equivariant contraction p : Y" — > Z 
of an extremal face for K + B" — eB" to a lower dimensional variety Z, 
where B" = B'[ II B'% is the divisor on Y" corresponding to B' . Here 
dmvZ =n-l, because h n - l (Y',0 Y >) = h l (Y',K Y ,) ^ 0. We also 
obtain that B" 1 s are generic sections of p. Since (Y", B") is pit and 
Kyi + -B" ~ 0, each B" has canonical singularities and Kb" ~ by 
17.6]. Then the birational image Z has Kz ~ 0, and therefore it 
has canonical singularities. Since the group G = (g) acts on B", the 
subgroup H := (g 2 ) acts on each B" (i = 1,2). Consider the exact 
sequence: 

o = r(Y", ir y » + b%) ^ r(y", ^ + b") r(B'(, k b »), 

where a is an if-equivariant isomorphism. On the other hand, the 
homomorphism T(B",Kb^) — > T(Z,Kz) induced from p\b'{ is also an 
if-equivariant isomorphism. Hence, for two representations p : G — ► 
GL(r(Z,K z )) and p' : G -> GL(r(F", K y » + 5")), we obtain the 
equality \p(H)\ = \p'(H)\. Note that, for any representation A : G — ► 
C*, A (if) = A(G) if and only if |A(G)| is an odd number. If we denote 
\p{G)\ by r, then r G /;_ l5 and either: (1) \p'{G)\ = r or (2) |p'(G)| = 
2r and r is odd or (3) |p'(G)| = r/2 and r/2 is odd. By defining 
7* : = 7^ U {2r | r G 7^ odd} U {r/2 | r G T k , r/2 odd}, we obtain: 

Proposition 2.10. Assume B' has two connected components. Then 
lnd((Y,B)/G)eI'U 



By |2.8| , p.9| and p,10| , we obtain Theorem |1.2| . In particular, for the 



3-dimensional case G-equivariant log MMP, the Abundance Theorem 
and (Fj), (Fj) (j = 2,/ < 1) hold. Here note that 7 = {1,2}, h = 
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{1,2,3,4,6} and I' 2 = {r e N \ cp(r) < 20, r ^ 60} by |TO| and | 

-it -f-Vi/~\ 1 i i~i4- r~ \-f* -f-Vi/~\ t rn 1 1 1 / \r' /-vf 7* i t-i flOl ' 1 V-\l j"i 1 1 urn n t-i /" *1 ^ /-il 4- <-\ -f- 7* ' 



By the list of the values of I 2 in || Table 1] , we can check that I 2 
I 2 . Therefore we obtain the necessary condition of the global index 



Ind(X, Bx) in Theorem [O 



The following shows that it is the sufficient condition of the global 
index: 

Example 2.11. Let r be a positive integer that satisfies <£>(r) < 20 and 
r 7^ 60. Then by || and ||, there exists a i^3-surface S with an action 
G of order r and r = |Imp|. Let Y = SxF 1 and B = Sx {0} + 5x {oo}. 
Let G act on Y by trivial action on P 1 and the action above on S. Let 
(X, B x ) be the quotient of (Y, B) by G with K Y + B = n*(K x + B x ). 
Then (X, Bx) is a log Calabi-Yau 3-fold with global index r. 



Remark 2.12. We can also prove Theorem by using Hj instead of 
0. Indeed, we used || only for propositions ^7J\ and |2.8|. For the 3- 
dimensional case, these propositions can be replaced by the discussion 
on the order of the action of G on H 2 (F B ,O f b) for type (0,0) and 
(0, 1). Theorems [§], 4.5] and [f|, 4.12] give the same results as in |2.8| . 



Remark 2.13. Osamu Fujino informed the arthor that the bounded- 
ness of the indices of log Calabi-Yau 3- folds also follows from 0, 4.17] 
and the proof of || 4.14]. By this proof we obtain the index in I 2 
instead of I 2 . 



Remark 2.14. If we assume (FQ, then it is clear that n-dimensional 
kit log Calabi-Yau variety has the global index r 6 I' n by Lemma 2.4 . 
Therefore kit log Calabi-Yau surface has the global index r such that 
(p(r) < 20 and r ^ 60. 

For a kit log Calabi-Yau 3-fold with Bx = 0, the global index satisfies 
the same condition as above 0, Corollary 5]. 
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